Abstract. We observe that nonzero Gromov-Witten invariants with marked point constraints in a closed symplectic manifold imply restrictions on the homology classes that can be represented by contact hypersurfaces. As a special case, contact hypersurfaces must always separate if the symplectic manifold is uniruled. This removes a superfluous assumption in a result of G. Lu [Lu00], thus implying that all contact type hypersurfaces in uniruled symplectic manifolds satisfy the Weinstein conjecture.
The statement
In this note we shall prove the following.
Main theorem. Suppose V is a weakly contact hypersurface in a closed and connected symplectic manifold (M, ω). Then the rational Gromov-Witten invariants of (M, ω) satisfy GW (M,ω) 0,k,A (PD([V ]) ∪ α 1 , α 2 , . . . , α k ; β) = 0 for all k ≥ 3, A ∈ H 2 (M ), α 1 , . . . , α k ∈ H * (M ; Q) and β ∈ H * (M 0,k ; Q).
Let us recall the relevant definitions before discussing the consequences. We say that a hypersurface V in a symplectic manifold (M, ω) is a weakly contact hypersurface if it admits a co-oriented contact structure ξ such that, denoting by CS ξ the canonical conformally symplectic structure on ξ, ω| ξ + CS ξ defines a ray of symplectic structures on the vector bundle ξ → V . As a special case, this is satisfied whenever V admits a contact form that extends to a neighborhood as a primitive of ω, which is the standard notion of a contact type hypersurface. The weakly contact condition is more general (e.g. it does not require ω| T V to be exact) and corresponds to the definition of a weak symplectic filling introduced in [MNW] ; as shown there, it is equivalent to the condition that ω should tame an almost complex structure J for which V is a J-convex hypersurface.
The Gromov-Witten invariants of a symplectic manifold (M, ω) associate to each pair of integers g, k ≥ 0 with 2g + k ≥ 3 and each homology class A ∈ H 2 (M ) a homomorphism where M g,k denotes the Deligne-Mumford compactification of the moduli space of Riemann surfaces with genus g and k marked points. Let
denote the Poincaré duality isomorphism. In the absence of transversality problems, GW
is interpreted as a count of rigid unparametrized J-holomorphic curves of genus g, for a generic ω-tame almost complex structure J, with k marked points such that for i = 1, . . . , k, the ith marked point is mapped to a generic smooth representative of PD(α i ) ∈ H * (M ), and the underlying conformal structure of the domain lies in a generic smooth representative of β ∈ H * (M g,k ). In practice, the transversality problems that arise in this definition cannot generally be overcome without the introduction of abstract multivalued perturbations, thus one actually counts rationally weighted solutions to a perturbed Cauchy-Riemann type equation, and the count may be rational even if all the homology classes are integral. We shall take as our definition of the Gromov-Witten invariants the one given in [HWZ] , using the polyfold machinery.
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Recall that a symplectic manifold (M, ω) is said to be symplectically uniruled if it has a nonzero rational Gromov-Witten invariant with at least one pointwise constraint, i.e. there exist
denotes the homology class of a point. Morally, this means one can find a set of constraints so that there is always a nonzero count of constrained holomorphic spheres passing through a generic point. Now observe that if V ⊂ M is a nonseparating hypersurface, then [V ] = 0 ∈ H * (M ; Q) and one can therefore find a cohomology class α 1 ∈ H * (M ; Q) with α 1 , [V ] = 0 and hence
The main theorem then implies the following result. Some motivation to prove such a result comes from the Weinstein conjecture, which states that any closed contact type hypersurface in a symplectic manifold has a closed orbit of its characteristic line field. There is a long history of results that prove this conjecture under various assumptions on the existence of holomorphic curves in the ambient symplectic manifold, cf. [HV92, LT00, Lu00]. However, such results have often been proved only for separating contact hypersurfaces, leaving the question without this extra assumption open. Our theorem thus shows that the extra assumption is superfluous, e.g. combining it with Guangcun Lu's result, we obtain:
Corollary 2 (via [Lu00] ). The Weinstein conjecture is satisfied for every contact type hypersurface in any symplectically uniruled symplectic manifold.
For more on symplectic manifolds to which this result applies, see [Hyv] and the references therein.
Remark 1. Nonseparating contact type hypersurfaces do exist in general, though they are usually not easy to find. A construction in dimension 4 was suggested by Etnyre and outlined in [ABW10, Example 1.3]; with the help of some more recent results we can now extend it to all dimensions. The idea is to start with a compact and connected symplectic manifold (M 0 , ω 0 ) with contact type boundary consisting of two connected components (V − , ξ − ) ⊔ (V + , ξ + ). Examples of such manifolds were first furnished in dimension 4 by McDuff [McD91] (see also [Gei95, Mit95] ), and recently a construction in all dimensions appeared in [MNW] . We can also choose (V − , ξ − ) and (V + , ξ + ) so that both are Stein fillable [Mas] . Now let (M 1 , ω 1 ) denote the result of attaching a Stein 1-handle that connects the two boundary components of (M 0 , ω 0 ), so it is a connected symplectic manifold with convex boundary (V − , ξ − )#(V + , ξ + ). This boundary is also Stein fillable, namely by the boundary connected sum of Stein fillings of (V − , ξ − ) and (V + , ξ + ). By a result of Lisca and Matić [LM97, Theorem 3.2], every Stein domain can be embedded symplectically into a closed Kähler manifold, hence every Stein fillable contact structure admits a symplectic cap. We then define a closed symplectic manifold (M, ω) by attaching a symplectic cap to (M 1 , ω 1 ), and it naturally contains both (V − , ξ − ) and (V + , ξ + ) as nonseparating contact type hypersurfaces.
It is somewhat easier to find examples of weakly contact hypersurfaces that do not separate: for instance, considering the standard symplectic T 4 as a product of two symplectic 2-tori, for any nonseparating loop γ ⊂ T 2 the hypersurface γ × T 2 ⊂ T 4 admits an obvious foliation by symplectic 2-tori, and this foliation can be perturbed to any of the tight contact structures on T 3 (cf. [Gir94] ). Notice that one cannot use the same trick to produce a nonseparating weakly contact hypersurface in T 2 × S 2 with any product symplectic structure, as the latter is uniruled.
2 This implies the well known fact (see [ET98] ) that the obvious foliation by spheres on S 1 × S 2 cannot be perturbed to a contact structure.
Remark 2. The theorem of Lu [Lu00] also establishes the Weinstein conjecture for separating contact type hypersurfaces under the more general assumption GW
. . , α k ; β) = 0, i.e. one need not assume g = 0. It is not clear whether our result also holds under this more general assumption-certainly the method of proof given below does not work, as it requires the fact that the relevant holomorphic curves in M can always be lifted to a cover (since S 2 is simply connected). However, it was pointed out to me by Guangcun Lu that due to relations among Gromov-Witten invariants (see [Lu06, §7] higher genus invariants will imply that (M, ω) is also uniruled, e.g. this is the case whenever there is a nontrivial invariant of the form
The point here is that one counts curves with a fixed conformal structure on the domain, so one can derive holomorphic spheres from them by degenerating the conformal structure to "pinch away" the genus.
Remark 3. Note that in the above formulation of the Weinstein conjecture for closed contact hypersurfaces, the ambient symplectic manifold need not be closed, e.g. every contact manifold is a contact hypersurface in its own (noncompact) symplectization. As was shown in [ABW10] , there are many contact manifolds that do not admit any contact type embeddings into any closed symplectic manifold-as far as I am aware, all contact manifolds that are currently known to admit such embeddings are also symplectically fillable. a preliminary version of this paper, and Patrick Massot for useful conversations. The question considered here was brought to my attention by a talk of Clément Hyvrier about his recent paper [Hyv] at the Sixth Workshop on Symplectic Geometry, Contact Geometry and Interactions in Madrid, February 2-4, 2012. My approach to the proof owes a slight debt to an observation made by an anonymous referee for the paper [ABW10] .
The proof
Suppose (M, ω) is a closed connected symplectic manifold and V ⊂ M is a weakly contact hypersurface. Arguing by contradiction, we assume there is a nontrivial rational Gromov-Witten invariant of the form
∈ H * (M ; Q) must then be nontrivial, so V is nonseparating. The essential idea of the proof will be to make V into a pseudoconvex hypersurface and show that (2.1) implies the existence of a holomorphic sphere that touches it tangentially from the wrong side.
We shall borrow an idea from [ABW10] and consider a connected infinite cover of M , defined by cutting M open along V to produce a cobordism with boundary −V ⊔ V , and then gluing together an infinite chain of copies {M n } n∈Z of this cobordism. Specifically, if we denote for each n ∈ Z the boundary of the cobordism M n by
n has a neighborhood in M n naturally identified with a suitable half-neighborhood of V in M , and we use these identifications to glue
. This produces a smooth, connected and noncompact manifold (see Figure 1 )
which has a natural smooth covering projection
and is separated by infinitely many copies of the hypersurface V , which we shall denote by
Since V ⊂ W is weakly contact, we can choose an ω-tame almost complex structure J on M for which V is a J-convex hypersurface, meaning that the maximal complex subbundle of T V is a contact structure and its canonical conformally symplectic structure also tames J. This almost complex structure can be lifted to M as
We must now make the meaning of (2.1) more precise. As mentioned in §1, we shall use the definition via polyfolds given in [HWZ] , though the discussion could be made simpler if (M, ω) were assumed semipositive; for the reader who prefers to consider only the simpler discussion, we leave it as an exercise to replace everything said below about abstract perturbations with a suitable use of pseudocycles as in [MS04] .
Let M A 0,k (M, J) denote the compactified moduli space of unparametrized J-holomorphic spheres in M homologous to A with k marked points. Since this cannot be assumed to be a smooth object unless (M, ω) is semipositive, we follow the prescription of [HWZ] and choose also an abstract multivalued perturbation of the nonlinear Cauchy-Riemann equation, which comes in the form of a small generic sc + -multisection of a certain polyfold bundle. We shall denote this multisection by λ and denote the solution set of the perturbed equation by M A 0,k (M, J, λ). This is, in general, a compact finitedimensional weighted branched orbifold. It has for each i = 1, . . . , k a natural evaluation map
sending a solution to its value at the ith marked point, and there is also a forgetful map
associating to a solution the underlying complex structure of its (possibly nodal) domain. The condition (2.1) then means
where we identify each of the cohomology classes PD([V ]), α 1 , . . . , α k ∈ H * (M ; Q) and PD(β) ∈ H * (M 0,k ; Q) with a differential form representative and define integration over the zero set of a polyfold Fredholm section as in [HWZ10] .
Lemma. After a further generic perturbation of λ, the space M A 0,k (M, J, λ) admits a continuous loop
whose image under ev 1 has nonzero algebraic intersection with V .
Proof. By a theorem of Thom [Tho54] , there are rational numbers c 0 , . . . , c k = 0 and smooth submanifoldsᾱ 1 , . . . ,
Define the sc-smooth map
After generic perturbations of the above submanifolds and of λ, the constrained moduli space
is a compact smooth 1-dimensional weighted branched submanifold. Moreover, we have
Any connected component of M ′ on which the above integral is nonzero then contains a continuous loop with the stated property.
Since the domains of the solutions in M A 0,k (M, J, λ) are nodal spheres and thus simply connected, the loop ℓ : S 1 → M A 0,k (M, J, λ) provided by the lemma can be lifted to M as a continuous family of nodal spheres {u τ } τ ∈R . Moreover, the nontrivial intersection of ev 1 • ℓ with V implies that evaluation of u τ at the first marked point traces a noncompact path in M intersecting M n for every n ∈ Z. It follows that there exists a parameter value τ * ∈ R for which the image of u τ * touches V 0 but not the interior of M 1 .
The above is not yet a contradiction since u τ * is a solution to a perturbed problem and not an actual holomorphic curve, but we can now argue as follows. Choosing a sequence λ j of abstract perturbations that converge to 0, the above argument gives for each j a solution u j ∈ M A 0,k (M, J, λ j ) admitting a lift to M that touches V 0 but not the interior of M 1 . As j → ∞, the sequence u j then has a subsequence converging to a nodal J-holomorphic sphere, and at least one component of this nodal curve lifts to a nontrivial J-holomorphic sphere in M that touches V 0 tangentially from below. But V 0 is a J-convex hypersurface, so this is a contradiction and thus concludes the proof.
